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Eigenvectors and eigenvalues Symmetric Matrices have
Define rotation matrices/axes Real eigenvalues and are
In 2D and 3D diagonalizable

Diagonalization enables new operations Spectra define the DNA of graphs &
In matrices , e.g. expm,() logm(), sin(), some eigenvectors give the steady state
of them are useful in graphs of random walks
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Intuition, Finding eigenpairs, Eigenspaces, Matrix similarity and
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Matrices are OPERATORS
MATRICES A OPERATE

— ON VECTORS
AX = () A XI’ZXl — () TO

TRANSFORM THEM

nxn

A is a Rotation matrix AxX = X’

Z 3 _COSH sin @ ()_ X xcos@+ ysinf
| —sin@ cos@ O [Y| = |—-xsin@+ ycoséd
0 0 1f L& Z
A ~ . .
¢ = (0,0,2)
Points in the XY plane have z=2'=0

ﬂ \ X Points on the Z axis do not rotate
Y

x' = (x,y,0) A¢ — /1¢, /1 — 1, ¢ — [O O I]T

X = (x,y,0)

These points on the Z axis are

EIGENVECTORS OF A
With EIGENVALUE 1
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Eigenvectors of

a Linear If they exist their image is PARALLEL to the pre-image
Transformation

T, 0,1 = T(@) = Au
Eigenvalue | )
* AX
AX — )\X, X X

Y

Y

S i

Eigenvector

EIGENPAIR

Ax=Ax, A >0 Ax= Ax, A< 0

UNIVERSAL CONCEPT: IF T'I1S DIFFERENTIATION ON f : R — R THEN

e’ IS AN EIGENVECTOR
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FIND ROOTS OF THE CHARACTERISTIC POLYNOMIAL!
AX=1x = A-A)x=0

Rationale and definitions

It is desirable that the homogeneous system has not only the trivial solution:

(a) If it has only the trivial solution (A — A/ invertible), then we have x = ()

(b) So it is desirable that the determinant |A — 1/| is zero

(c) The polynomial |A — AI| = O is the characteristic equation and its solutions
are the (real) eigenvalues of A

2 _
a4y, — Ay — Aayy + A —aya;, =0

ai«  da (@ = May —4) —aya;; =0
4= |91 %2
[a21 6122]

A% = (ay, + ap)A + ay,ay, — aya;, = 0
=0 B> —4AC20= (a;,—ay)+ 4ayay; >0

>0 >0 If symmetric
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Example#1: Find the eigenvalues of A = [_Ol (1)]

-1-1 0
0 1 -4

‘:o (~1=-D0=-H=-1+)A-D=-(1-2)=0
g =1*-1=0=1==+x1

Example#2: Find the eigenvalues of B = [_11 _12]

‘:0 (=1=-DA=D+2==(1=-1HD+2=0
g A) =1 +1=0=> A==

—1-4 =2
1 1 -4

Example#3: Find the eigenvalues of (C = E i]
F=d 2 0 =@ =) —6=4—1—4i412—6=0
3 4—-1 - B

5+4/25+8
g =242 =5,-2=0=> 1= A =537,4, = —037
B y 1 2
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Example#4: Find the eigenvalues of

>
I
_— e NI

(\ORRONEE \O

.
1
2

2—4 2 1
gu(4) = | 3—-1 1 =0
1 2 2=

C-DB-D2-DH+2|-[G-D+22-DH+22-1)| =0
g(A)=—A+T71*=112+5=0

RurFn: avisors o s JRRSTENRANES VR

1 -1 6 =5
ga(2) = (2 = 1)(=1* + 64 = 5) -1 6 -5 0
= (2 -1 -5) 1 1 5

ALGEBRAIC MULTIPLICITY -1 5 0
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FINDING SOLUTIONS OF THE ASSOCIATED HOMOGENEOUS SYSTEM
EIGENVECTORS
AX=Ax =>A-A)x=10

Rationale and definitions

Given an eigenvalue A the corresponding eigenvector is a solution of the
homogeneous system (A — A)x =0

@xeKer(T)), T)=A—-A1l

(b) The dimension dim(Ker(7))) is the geometric multiplicity.

(c) The muiltiplicity of A is the algebraic multiplicity.

Example#1: Find the eigenvalues of A = [_01 (1)]

‘—1—1 0

vt o
0 1_1‘—0 (1= -DH=-A+H1-DH==(1-22)=0

gD =12-1=0=>1=+1
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Example#5: Find the eigenVECTORS of A = _01 (1)]
-1-4 0 ) B B
=0 D==-1=0=2>1==%x1
‘ 0 1- ,1‘ 14
A=1

Tﬁl—lo—l 181]:[—02 8] :»[(1) 8] = x = Span{#(0.1)}

A=-1
—1+1 0 0 0 0 0 _
L=y i1 =[O 2] =>[O 1] = x = Span{#1,0)}
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-1 0
0 1

—x.y) (0,y) l 0.5 ()

Example#5: Find the eigenVECTORS of A =

_1 O _O_ _(+1)-O_ _ O] ______________ g

0O 1] L. Y. Y
—1 0O [x] (—1) (X '—x]

0 1/10] 0] [0

(—x, 0) (x, 0)
o< e—> x
A IS A REFLECTION IN THE Y AXIS: A reflects vectors
ONLY THE X AXIS AND THE Y AXES REMAIN in the y-axis.

DIRECTIONALLY INVARIANT
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Example#4: Find the eigenvalues of 2
A= 11
|1

(\ORRONEE \O

.
1
2

2—4 2 1
gu(4) = | 3—-1 1 =0
1 2 2=

C-DB-D2-DH+2|-[G-D+22-DH+22-1)| =0
g(A)=—A+T71*=112+5=0

RurFn: avisors o s JRRSTENRANES VR

1 -1 6 =5
ga(2) = (2 = 1)(=1* + 64 = 5) -1 6 -5 0
= (2 -1 -5) 1 1 5

ALGEBRAIC MULTIPLICITY -1 5 0



Intuition, Finding eigenpairs, Eigenspaces, Matrix similarity
and diagonalization, Spectral theorem, Applications:

2 2 1]
Example#4: Find the eigenVECTORS of A= |1 3 1
1 2 2.
gaA) = A =1D(=A1*+61-5) =(A—-1)*(1-5)
A=1
o + |1 21 0] 1 2 1 |0
2-1 2 1 R,— R,— R,
I.,=1 1 3-1 1 |=>]|1 21 |0 >10 0 0 |0
| 2 2—1_ _1 2 1 10 1 2 1 10
1 2 1 0] X =a
R3—>R3—R1 000 |0 x3=,3 = (X1, Xy, X3) = Span{(—2a — f,a, f)}
000 [0 7 x+2a+p=0 2 -1
B N ¢1: 1 ’¢2: 0
X =—20—f 0 1

= (x),X,, X3) = Span{(—2a — B, a, B)} = Span{a(-2,1,0) + f(—1,0,1)}
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Example#4: Find the eigenVECTORS of A =

g =UA—-1)(=A*+61-5) =L —-1)*UA-5)

2 2 1]
1 3 1

1 2 2.

- - B 2 1
27—_5 ) 1 -3 2 1 0 R1<__§R1 I - —5 10
T,_5= 1 3—-5 1 =1 -2 1 |0 1 -2 1 |0
1 2 2-5] 1 2 =310 oz =310
o 1] 2 _1 ol 2 _1 o]
4 4 o =2 2 o 2 210 1 =1 |0
0 — < |0 303
3 3 0 § _§ |O
1 2 -3 |0 0 3 -3 10 R
7 T S X2 =
2 1 2 1 3
e_ 7
S LR [ 0 1 -1 10 X% =a
0 1 -1 0] 0 0 0 [0

= (X;, Xy, X3) = Span{a(1,1,1)}
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HOMEWORK OPTIONAL (Eigenvalues/vectors):

Find the eigenvalues and eigenvectors of

3 1 —1]
SOLUTION:
A=111 1
4 2 0.

1. Calculate the eigenvalues and their algebraic multiplicity

2. Calculate the eigenspace associated with each distinct
eigenvalue (the base of the associated Ker) and also their

geometric multiplicity.

3. Prove that all the eigenvectors obtained (together) are
linear independent, but they do not form a base of R
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1. Calculate the eigenvalues and their algebraic multiplicity

gs(4) =

3—-1
1
4

1
1 -4
2

—1
1
0-41

=0

(B-DA =D +4-2] - [(-DA=-D4+2B3-2) -1 =0
B-DA* =D +2|-|@r-4)+6-31| =0

342 =31-2"+22+2| - |A+2]| =0
A +4)2 =4 =0

g (A) =212 =41°+41=0
=1 —41+4)=0

2—4)+4=0

~4x4/16-16

Algebraic
Multiplicities

A=0

_» 4 =2Double
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2. Calculate the eigenspace associated with each distinct
eigenvalue (the base of the associated Ker) and also their
geometric multiplicity.

ga(A) = 44 =2)>=0

_ 1
o0 - o L9 R3—>1R1 I 3 3
1Ty = 1 1-0 1 =0=> 11 1 1 0 11 1
4 2 0-0 4 2 0 0
_ _ 42 0
P 1 | ] 1 ]
by =5 19 by == 100
R, - R, — R, 2 4 R; = Ry — 4R, ) 4 R, —> —R
105 5 10 (005 3 10227
4 2 0 0 2 4
i 0] 03 5 10
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2. Calculate the eigenspace associated with each distinct
eigenvalue (the base of the associated Ker) and also their
geometric multiplicity.

ga(A) = 44 =2)>=0

1 1 1 1
by s O st s 73 19 row-2e
0 2 4 jo|l_22[01 2 |0 :
3 i 0o 2 2 0 Geometric 1
0 3 3 10 33 i multiplicity ¢; = [—2]
_ . =1 1
1L _L 0 X =a
3 3 Xy = — 2o = (X, %, x3) = Span{(a, — 2a, a)}
o1 2 o = 1 1
00 0 10 X =320+sa=a
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2. Calculate the eigenspace associated with each distinct

eigenvalue (the base of the associated Ker) and also their
geometric multiplicity.

ga(A) = 44 =2)>=0

1 1 -1 |0 i _
3-2 1 -1 R, > R,—R, b I
L= 1 1-2 1 |=0=>1|1 -1 1 |0 o —2 2
4 2 0-2 4 2 —2 10 4 2 -2
1 1 =1 |0|po_Left 1 =1 0] 11 -1
R, —> R, — 4R 2 2
B0 -2 2 0 2 Mo 1 —1 j0lR-Rtm|0 1 —1
0 -2 2 |0 0 -2 2 |0 00 0
Bn=a Geometric 0
S xn=a = 0pxx)=Span{a,1.1)} multiplicity ¢, = H
_ —1 1
x=0
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3. Prove that all the eigenvectors obtained (together) are
linear independent, but they do not form a base of R’

1 0]
Eigenvectors ¢, = [—2] P, = [1 Are they LI?
1 1.

1 0] 0]
C1 —) +C2 11 =10 301=C2=O
L] |1 0.
1 0]f.7 [0 010 10 |0
2 1 H= 0= (=2 1 [0]BzR*Kiy 4 9
1 1 _ O_ _1 1 ()_ 11 10
1 0 |0 S 1T O (x#0
Ry > Ry — R, c; =0 1 0 x7# 0
> O 1 O = Cl —2 +C2 1 = y;é() ?
C2=O
0 1 0 L1 |1 _Z:O

CANNOT GENERATE THE FULL SPACE; NOT A BASE
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MATRIX SIMILAR MATRICES HAVE THE SAME STRUCTURE
SIMILARITY

Rationale and definitions

Given two matrices A, B of the same size they are similar if exists an invertible
matrix P so that B = P~!AP. Then

(a) They have the same characteristic polynomial g,(4) = gz(4) (i.e. they have
the same spectrum)

(b) They have the same determinant and trace.
(c) They have the same rank.

(d) If the matrix B is diagonal and B = P lAP thenA is diagonalizable

|IB— M| =|P'AP - Al|=|P7'AP — P7'AIP|=|P~'(A — ADP|
=P~ [A—-AD]|-|P|=|P7'|-|P|-|(A—AD)
=|P7'P|- |(A=AD| =|A - Al
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DIA(:/&?QILCI;EQBLE DIAGONALIZABLE MATRICES ARE SIMILAR TO A DIAGONAL MATRIX

Rationale and definitions

A square matrix A is diagonalizable if it is similar to a diagonal matrix D, i.e.
if D =P 'AP.

(a) This is equivalent to check PD = AP for some invertible matrix P

(b) An n X n matrix A is diagonalizable if its eigenvectors form a base of R”
(c) To diagonalize a matrix A set:

P = [¢1,¢2, ,¢n],D — dlag(ll,ﬂz, ,/In)

2
Example#5: Is the following matrix diagonalizable? A = |1
1

o W I

1 0 B
ga(d) = A4 — 2)2 =0 ¢ = [—2] b, = [1]
1 1

NO, BECAUSE THESE VECTORS DO NOT FORM A BASIS OF R?
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2 2 1
Example#6: DIAGONALIZE (if possible) A= |1 3 1

1 2 2.
gD =GA—=D=A2+61-5=A-1)*1-5)
A=1

SIHING .

-2 -1 1
1 P=|(1 0 1 D =
=, o 1

L =
1

o O -
S = O
wn O O

P AP =D Check: PD = AP

-2 -1 17|11 0 O -2 =15 2 2 11 [1-2 -1 1 -2 =15
PD = [ I 0 1] 01 0l=|1 0 5| AP={1 3 1 I o0 1f{=]1 0 5
0O 1 11]0 0 5 0O 1 5 1 2 2 0O 1 1 O 1 5
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B
THEOREM ALL SYMMETRIC MATRICES ARE DIAGONALIZABLE!

Theorem and implications

A symmetric n X n matrix A is always diagonalizable as D = P~1AP
n
where P = [y, by, ... §,]. D = diag(A;, Ay, ... A,). Thus A = ) J,&,D]

S8 NORMALIZED
Because...

(a) It has exactly 7 LI eigenvectors (geometric multiplicities add one)

(b) These eigenvectors are also orthogonal and thus pl=pT
(c) All the above is a consequence of the symmetry!

Example#6: Diagonalize the following symmetric matrix A= |0 2 -1

Show that A = AP, A = diag(4;, 15, 13) 0 -1 2.
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3 0 O]
Example#6: Diagonalize the following symmetric matrix A= |0 2 -1
Show that A = PAD!, A = diag(4,, 15, 15) 0 -1 2]
3—4 O 0
gA)=1 0 2-1 -11=0
0 -1 2-1

B-D2-D2-D+0|-[0+0+3B-1)| =0
B-D2-DH2-H-3-1| =0

G-M[2-»*-1]=0

G-D|@E+1*-41)-1] =@ -1[4*-41+3] =0
B-D|@+12—4)-1|=@-D[4*-41+3]| =0 1, =3

A
2

4+4/16-12 4+2 -

2

Jy=3,4;=1
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Example#6: Diagonalize the following symmetric matrix A =

ga(A) = (A =3)*(A = 1)

A=3
3—3

0
0
R1—>—R1 0
_0

0 0 0
=0= |0 -1 -1
0 -1 —1

0 1 1
R2—>R2+R1 00 0
00 0

P

)

3 0 0]
0O 2 -1
0 -1 2.

0 0 -1 -1 |0]

O| R,<R; |O -1 —1 |O

—_—

0 O 0 0 |0

0 X3 =«

Of =74

0 x|, =p
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Example#6: Diagonalize the following symmetric matrix A =

A1
3—-1 0 0
T1: 0 2—1 —1
0 1 2-

1 0 0

R, - R.+R

= 2lo 1 =1
00 0

€b1:

[
| I—|
Il
-

U

S N

ga(A) = (A =3)*(A = 1)

.X3=a
:X2=a
x1=0

0
1

0 -1

0
-1
1

0
0

R, - —R
1 2{

|

0

3 0
0 2
0 —1
0 O
1 -1

0
—1
2 _

(X1, X%y, X3) = Span{(0,a, o)} = Span{«(0,1,1)}

, ¢y =

-
0

0.

3
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Example#6: Diagonalize the following symmetric matrix A= (3) (2) _()1
Show that A = DAD!, A = diag(4, 15, 43) 0 -1 2.
/11 —_ 3 /12 — 3,&3 — 1
- o o 0 | 0 ]
0 1 0 1 1 1
1= 1-11.9=[0|.¢d3= |1 o= V2|, 2=[O],¢3= V2
1 0 1 L 0 —
|V V2
0 1 0 0 —L L]
30 0] =2 o | [3 0 0] V2 W2
A=10 2 —1|=]| V2 V2110 3 of [t O O
0 -1 24 1 o L0 0 11 ]9 L _L
Vio2 Vi
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Example#6: Diagonalize the following symmetric matrix
Show that A = ®AD!, A = diag(4,, 1,, 13)
/11=3 /12=3,ﬂ3=1

1

3 0
0 2
0 -1

)

0
—1

2

1
0

0.

, 3

0

b

0
L
=| v
L
|V
3 3
Vi v
0O O
L
Vi VA

3 0
A=10 2
0 -1
[0
1 1
o
0 1
V2

3 0
0 2
0 -1

0
—1
2

0
—1
2
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Page1 Page2 Page3 Page4
0.1 03 05 0.5
08 05 0 O
0 02 05 O
0.1 0 O 0.5

Pagei
Page2

Page3
Page4

0.1 03 0.5 0.5]
08 05 0 O
00 02 05 0
01 0 0 05

Xt — PtXO
X = PXx

Equilibrium
condition

X is the EIGENVECTOR of 4 = 1

0.3 0.5
&

0.8
0.2

0.1

0.5

0.5

0.5 05

Where will be
after many iterations?

_xl =05
x, = 0.8
T =03
%, = 0.01



